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1 Preface 

This report describes the development and performance of an updated model 
for total phosphorus retention in Danish lakes using a steady-state mass bal-
ance approach. This report has been prepared at the request by the Danish 
Agency for Green Transition and Aquatic Environment (Styrelsen for Grøn 
Arealomlægning og Vandmiljø, SGAV), which has also had the opportunity 
to comment on a draft of the report. Preliminary results have been presented 
and discussed at meetings with SGAV. 
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2 Summary 

This report describes the development of an updated retention model for total  
phosphorus (TP) in lakes based on previous reports (Søndergaard et al. 2020; 
Trolle et al. 2015). In contrast to earlier works, the updated phosphorus mass 
balance model is statistically fitted to outflow TP concentrations. As phospho-
rus retention in lakes is challenging to measure and monitor, the mass balance 
model is used to infer phosphorus retention. The updated model demon-
strates improved performance compared to the ones from previous reports , 
with an R2 of 0.77 for predicting outflow TP concentrations. Further, a simpli-
fied exponential model relating phosphorus retention to lake area and out-
flow achieved an R2 of 0.9, highlighting its potential for upscaling. Nonethe-
less, to improve future accuracy of lake phosphorus retention modeling, it is 
recommended to transition from steady-state to dynamic modeling on sub-
annual time scales, which may better capture phosphorus retention and re-
lease in lakes (including internal loading).  
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3 Sammenfatning 

Denne rapport beskriver udviklingen af en opdateret model for tilbageholdel-
sen af totalfosfor (TP) i søer. Rapporten er baseret på tidligere rapporter (Søn-
dergaard et al. 2020; Trolle et al. 2015, men i modsætning til disse er den op-
daterede fosformassebalancemodel statistisk tilpasset udløbs-TP-koncentrati-
oner. Massebalancemodellen til at beregne fosfortilbageholdelsen anvendes, 
da fosfortilbageholdelsen i søer er vanskelig at måle og overvåge.  

Den opdaterede model viser forbedret ydeevne sammenlignet med modellerne 
fra tidligere rapporter. Således opnås en R2-værdi på 0,77 for forudsigelse af 
udløbskoncentrationer af TP. Desuden opnåede en forenklet eksponentiel mo-
del, der relaterer fosforretention til søareal og udløb, en R2-værdi på 0,9, hvilket 
understreger modellens potentiale for opskalering. For fremover at forbedre 
nøjagtigheden af modellering af fosforretention i søer anbefales det dog at skifte 
fra steady-state-modellering til dynamisk modellering, og at det fortages på sæ-
sonmæssige tidsskalaer, så det potentielt kan blive lettere at beskrive fosforre-
tention og -frigivelse i søer (herunder intern belastning).   
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4 Background and objectives 

The implementation of the EU Water Framework Directive requires that good 
ecological status is achieved in Danish fresh waters. The directive has been 
implemented in the River Basin Management Plans, which include 985 lakes. 
To meet the requirement for good ecological status, a wide range of measures 
has been established (see Executive Order no. 797 of 13 June 2023 on action 
programs for water body districts). Nonetheless, a large proportion of the 
lakes do not currently meet the set environmental objectives mainly due to a 
continued excessive input of nutrients from their catchments. In lakes, a por-
tion of these external nutrients can be retained, while the remainder will be 
transported further downstream through the lake’s outlet. An important as-
pect of defining targets for maximum phosphorus concentrations in lakes to 
achieve a good ecological state is to establish relationships between the phos-
phorus loading, the in-lake phosphorus concentrations, and the phosphorus 
fraction retained in the lake ecosystem. Phosphorus loading models, the basis 
for calculating retention, assume that a certain fraction of external total phos-
phorus load, 𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖 , gets retained in a lake by relating its own total phosphorus 
concentration to the external load: 𝑇𝑇𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ~𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖 . 

This report aims to provide an update to the previous phosphorus retention 
model developed by Trolle et al. (2015). The previous model was based on an 
analysis of 23 lakes using a set of Vollenweider-type (OECD) models to relate 
inflow total phosphorus (TP) to in-lake TP concentrations by fitting various  
parameters to covariates such as hydraulic residence time. Trolle et al. (2015) 
re-arranged the best-performing Vollenweider-type models to quantify TP re-
tention in lakes using the general form: 

Eq. 1: 𝜆𝜆 = 𝑇𝑇𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖

=
𝑎𝑎

𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
𝑏𝑏

�1+�𝑡𝑡𝑤𝑤�
𝑐𝑐

𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
 

where 𝜆𝜆 is the TP fraction in a lake, 𝑇𝑇𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  is the in-lake TP concentration, 𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖  
is the inflow TP concentration, 𝑡𝑡𝑤𝑤 is the hydraulic residence time expressed as 
volume over discharge, V/Q, and a, b and c are fitting coefficients.  

To support lake management, exponential models of derived TP retention to 
hydraulic residence time were developed and grouped into deep and shallow 
lakes, with a mean depth threshold of 3 m to differentiate between the two cat-
egories. These derived TP retention models achieved an R2 of 0.23 (Table 1). 

To inform the River Basin Management Plans (2027 -2033), this report will 
continue the development of TP retention models using longer time series 
data and a modified modeling approach. Statistical modeling of inflow to out-
flow TP is applied to improve estimation of TP retention in lakes over long 
time scales. 

Table 1.    Retention models fitted by Trolle et al. (2015) in which 𝝀𝝀 = 𝐓𝐓𝐏𝐏𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 𝐓𝐓𝐏𝐏𝐢𝐢𝐢𝐢⁄    with 
𝐓𝐓𝐓𝐓𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥 as the in-situ TP concentration, 𝐓𝐓𝐏𝐏𝐢𝐢𝐢𝐢  as the inflow TP concentration, and tw as hy-
draulic residence time. 
Retention model Form R2 
All lakes λ = 0.371𝑡𝑡𝑤𝑤

0.1477 0.19 
Shallow lakes λ = 0.299𝑡𝑡𝑤𝑤

0.0767 0.23 
Deep lakes λ = 0.406𝑡𝑡𝑤𝑤

0.1206 0.23 



 

8 

5 Methodology 

Lake-specific data on inflow and outflow TP concentrations as well as outflow 
volume were extracted from the Vandløbsdata (NOVANA, stored in the da-
tabase VanDa, vanda.miljoeportal.dk, and subsequently extracted from Over-
fladevandsdatabasen ODA, ODA.dk) and supplemented with data on lake 
volume, depth and area. Inflow and outflow TP concentrations as well as dis-
charge were aggregated to annual averages. The dataset included 24 lakes 
with 367 lake-year combinations (from 1990-2021). Previous approaches ex-
cluded data prior to 2005 due to the uncertainty of TP inflows (i.e., past 
wastewater effluents causing internal TP release from the sediment years  
later, potentially invalidating steady-state assumptions). In this study, all time 
series data were included under the assumption that, mechanistically, ran-
dom year effects in the statistical model would capture uncertainty in nutrient 
loads. Uncertainties also relate to TP analyses in the years from 2007-2017 (see 
more details Larsen et al., 2018, 2020). 

This modeling is based on the TP mass balance in the modified form of: 

Eq. 2: 𝑉𝑉 𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝑄𝑄𝑖𝑖𝑖𝑖𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑟𝑟𝑟𝑟𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 𝑉𝑉 

where V is lake volume, 𝛼𝛼 is an inflow multiplier accounting for settling of 
inflow 𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖  in the littoral zone and/or near-shore wetland dynamics, 𝑄𝑄𝑖𝑖𝑖𝑖  is 
inflow discharge, 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜  is outflow discharge, 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜  is outflow TP concentration, 
and r is the retention coefficient (defined here as a loss term of TP). Note that 
the model does not include internal release of TP into the lake (Fig. 1). 𝛼𝛼 is 
based on the concept of fast and slow settling of (often particulate) TP near a 
lake's inlet (Canfield and Bachmann 1981; Chapra 1982). Hence, fast settling 
TP is removed close to the lake inlet whereas slow settling TP from the inflow 
can be retained in a lake or flushed out. 

By assuming 
 Steady-state conditions, 𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 0 

 An annual balance of inflows to outflows, 𝑄𝑄𝑖𝑖𝑖𝑖 = 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜  
 In-lake TP, 𝑇𝑇𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  or 𝑇𝑇𝑇𝑇, equals 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜  

 
we can restructure Eq. 2 to calculate the projected outflow TP concentration 
𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 : 

Eq. 3: 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 =
(𝛼𝛼𝛼𝛼𝛼𝛼𝑃𝑃𝑖𝑖𝑖𝑖)

𝑄𝑄+𝑟𝑟𝑟𝑟
 

Figure 1.    Conceptual sketch of 
the mass balance TP model. 
𝛼𝛼𝛼𝛼𝛼𝛼𝑃𝑃𝑖𝑖𝑖𝑖 is the amount of (slow 
settling) TP entering the lake, 
𝑄𝑄𝑄𝑄𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜  is the amount of TP leav-
ing the lake, the lake can retain 
fast settling TP near the inlet (1−
𝛼𝛼)𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖 as well as through reten-
tion, 𝑟𝑟𝑟𝑟𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑉𝑉 . It is assumed that 
no change in lake TP concentra-
tion over time occurs (𝑑𝑑𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 =
0). 

 



 

9 

Equation 3 can be log-transformed1 for more straightforward statistical mod-
eling: 

Eq. 4: log𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 = log(α𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖 )− log�𝑄𝑄 + 𝑒𝑒log 𝑟𝑟 𝑒𝑒log 𝑉𝑉� 

This transformation conditions the retention coefficient r to be always positive 
(hence, it acts as a sink of TP). Thus, retention as a process does not incorpo-
rate any release of TP from the ecosystem, e.g., internal TP loads.  

The final model form includes random effects for lakes and years: 

Eq. 5: 𝐥𝐥𝐥𝐥𝐥𝐥𝑻𝑻𝑷𝑷𝒐𝒐𝒐𝒐𝒐𝒐 = 𝐥𝐥𝐥𝐥𝐥𝐥(𝛂𝛂𝑸𝑸𝑸𝑸𝑷𝑷𝒊𝒊𝒊𝒊 )− 𝐥𝐥𝐥𝐥𝐥𝐥�𝑸𝑸 + 𝒆𝒆𝐥𝐥𝐥𝐥𝐥𝐥 𝒓𝒓𝒆𝒆𝐥𝐥𝐥𝐥𝐥𝐥 𝑽𝑽� + 𝛕𝛕𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 + 𝛕𝛕𝒀𝒀𝒀𝒀𝒀𝒀𝒀𝒀 

The model was run using the RTMB R-package (Kristensen et al. 2016; Thy-
gesen et al. 2017). 𝑻𝑻𝑷𝑷𝒐𝒐𝒐𝒐𝒐𝒐  was estimated by fitting 𝜶𝜶 and r coefficients as well  
as random effects to measured 𝑻𝑻𝑻𝑻𝒐𝒐𝒐𝒐𝒐𝒐  values. 

TP retention as a physical process can be estimated as: 

Eq. 6: 𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 𝑉𝑉 

which quantifies the amount of TP retained by a lake. We also tested various 
alternative equations – such as introducing a second retention coefficient repre-
senting TP release from the sediment, and a model with sediment TP release 
acting as a function of lake area – which all proved to be less identifiable using 
the prescribed assumptions. In these cases, the statistical model failed to fit co-
efficients with a low uncertainty. We calculate a lake's gross TP retention as: 

Eq. 7: 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑟𝑟𝑟𝑟𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 𝑉𝑉 + (1 − α)𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖  

assuming that the loss term near the inflow, (1 −α)𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖 , due to fast settling 
TP, also contributes to a lake's total retention of TP. This formulation makes 
the model more dynamic compared to the assumption that the lake is a com-
pletely mixed reactor. With 𝛼𝛼 affecting inflow TP, the model accounts for spa-
tial settling of especially particulate TP in littoral zones. This gross retention 
is used for the subsequent analysis. 

We compared our estimates for lake TP retention against a simple first ap-
proximation of TP retention: 

Eq. 8: 𝑟𝑟𝑟𝑟𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = �1 − 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖

� 𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖 𝑄𝑄𝑖𝑖𝑖𝑖  

The first approximation of TP retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝, approximates how much 
TP got retained in a lake using the observed data, hence it can be used to verify 
model performance. As it does not include any process descriptions except 
inflow and outflow dynamics of TP, its use for interpretating and upscaling 
TP retention processes is limited. Assuming that retained lake TP can be esti-
mated from the ratio of outflow to inflow TP, substituting Eq. 3 into Eq. 8 
yields the general steady-state mass balance equation:  

Eq. 9: 𝑟𝑟𝑟𝑟𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑄𝑄(𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 ) 

 
1 Note that all log transformations used in this report are natural logarithms. 
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We derive the TP fraction following Trolle et al. (2015) as: 

Eq. 10: λ = 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖

 

Note that Eq. 10 is conceptually similar to Eq. 1. By incorporating Eq. 3 into 
Eq. 10, we get: 

Eq. 11: λ =
�𝛼𝛼𝛼𝛼𝛼𝛼𝑃𝑃𝑖𝑖𝑖𝑖�
𝑄𝑄+𝑟𝑟𝑟𝑟

𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
 

Further, when substituting 𝑉𝑉 = 𝜏𝜏𝑤𝑤𝑄𝑄 , we get: 

Eq. 12: λ =
�𝑄𝑄𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖�
(𝑄𝑄+𝑟𝑟𝜏𝜏𝑤𝑤𝑄𝑄)

𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
=

𝑄𝑄�𝛼𝛼𝛼𝛼𝑃𝑃𝑖𝑖𝑖𝑖�
𝑄𝑄(1+𝑟𝑟𝜏𝜏𝑤𝑤)

𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
=

α𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖
1+𝑟𝑟τ𝑤𝑤
𝑇𝑇𝑃𝑃𝑖𝑖𝑖𝑖

 

Including, as a major difference to the model by Trolle et al. (2015), linear 
terms rather than non-linear dynamics such as in Eq. 1. 

Model performance is evaluated using the root-mean squared error (RMSE), 
the Nash-Sutcliffe coefficient of efficiency (NSE) and the coefficient of deter-
mination, R2. We applied the feature selection algorithm Boruta (Kursa and 
Rudnicki 2010) using random forest classifiers, to assess which covariates in a 
more extensive water quality and catchment dataset are most important to 
capture changes in gross retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 . The extended dataset was derived 
from Ladwig et al. (2026). All data preprocessing as well as used variables are 
explained in detail in Ladwig et al. (2026).  Derived 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔  values were fitted 
using exponential models to the two most important covariates, lake area and 
lake outflow discharge (using all available data). Both covariates are related 
to the hydraulic residence time (tw), with volume defined as area integrated 
over depth. However, by compressing volume and outflow into a single met-
ric, information is lost. Therefore, by fitting three parameters (slope and two 
exponents, one for each covariate), a more informative simplified retention 
model can be constructed. To test the robustness of the exponential model fit-
ting, a split-sample validation was run. The models were fitted on a training 
dataset and its performance through R2 was evaluated on a separate testing 
dataset. This procedure was repeated multiple times with different splits be-
tween training and test datasets.  Training to test ratios of 90-10, 70-30, 50-50, 
30-70, 10-90 and 5-95 were evaluated over 50 iterations each. 
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6 Results and discussion 

In this section, first the model itself – fitted coefficient values with uncertainty 
(Model coefficients) as well as model performance (Model performance) – are dis-
cussed. Afterwards, we discuss the model results:  

• We quantify the TP fraction 𝜆𝜆 sensu Trolle et al. (2015) to highlight how 
the updated model compares with the former report (TP fraction sensu 
Trolle et al. (2015))  this underscores how much TP is exported from the 
lake. 

• We quantify the gross TP retention from the model to highlight lake-spe-
cific dynamics (Modeled gross TP retention), how gross TP retention relates  
to residence time (Relationship of gross TP retention to residence time), and to 
which other predictors the modeled gross TP retention is sensitive to (Im-
portance of predictors for gross TP retention). 

• Finally, based on the sensitivity analysis (Importance of predictors for gross 
TP retention), we develop exponential models of gross TP retention to dis-
charge and lake area (Exponential model of gross TP retention) for upscaling. 

6.1 Model coefficients 
This subsection highlights the fitted parameters of the updated model (Eq. 5). 
Random effects due to lakes were greater than those associated with years, 
highlighting temporal similarities but lake-specific caveats (Table 2). After ac-
counting for the proportions of explained variance (e.g., as 𝑒𝑒𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 2), the lake 
random effect accounted for 59% of total variance (compared to 37% and 3% 
for the standard error of the observation estimate and year random effect, re-
spectively). The retention coefficient, r, was estimated at 0.02 year-1, ranging 
between 0.006 to 0.059 year-1. 𝛼𝛼 was estimated at 0.81, ranging from 0.74 to 
0.87, suggesting that, for the majority of lakes, about 20% of inflowing TP is 
retained near the inlet, likely due to presence of macrophytes, fast settling or 
wetlands. These estimates of 𝛼𝛼 are similar to previous TP retention modeling 
studies, as 𝛼𝛼 often ranges from 0.55 to 0.70 (Khorasani and Zhu, 2021) as “[…] 
a significant proportion (30 – 45 %) of the TP loading into the lakes may be 
removed rapidly […]” (Khorasani and Zhu, 2021). Overall, standard errors for 
all estimates were relatively low. 

6.2 Model performance  
This subsection demonstrates how well the model replicated observed TP 
concentrations. The projected 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜  obtained an RMSE of 0.038 mg TP L-1, an 
NSE of 0.758 and an R2 of 0.771 compared to 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 , which indicate a well-
performing model. However, the model underestimates high TP concentra-
tions above 0.3 mg TP L-1 (Fig. 2). 

Table 2.    Fitted model parameter estimates with standard errors. 
Parameter Estimate in log-space Standard error 
log Sd (standard deviation of random effect) -1.301016 0.0400524 
log 𝜏𝜏𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 (random lake effect) -1.077266 0.1652361 
log 𝜏𝜏𝑌𝑌𝑌𝑌𝑌𝑌𝑌𝑌 (random year effect) -2.595905 0.2808446 
log r -3.969478 1.084461 
log 𝛼𝛼 -0.2097251 0.07902928 
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6.3 TP fraction sensu Trolle et al. (2015) 
Similar to Trolle et al. (2015), we quantified the fraction of TP exported from 
a lake, 𝜆𝜆 (Eq. 10), and found that most lakes have a 𝜆𝜆 below 1, indicating higher 
inflow TP concentrations than in-lake/outflow TP concentrations (Fig. 3). A 𝜆𝜆 
above 1 would generally indicate that the lake acts as a source of TP, hence it 
releases more into the downstream environment than it receives from its in-
flow, suggesting that internal loads are important. Here, over time, 𝜆𝜆 slightly 
declines. As 𝜆𝜆 represents the ratio of outflow TP to inflow TP (again, assuming 
that outflow TP equals in-lake TP), this suggests that less TP from the inflow 
is accumulating in the water column, potentially due to increased settling. 
This can suggest improved water management or natural recovery with over-
all decreasing in-lake nutrient conditions as internal retention of TP is poten-
tially increasing, hence a natural recovery of the system as it is able to bind in-
coming TP instead of releasing it. Correspondingly, the term (1- 𝜆𝜆), that would 
quantify the fraction of TP retained in the lake, is increasing slightly over time.  

Figure 2.    Observed to modeled 
outflow TP concentration (24 
lakes with in total 367 lake-
years). Left are non-transformed 
values, right are log-transformed 
values. Lines represent a 1:1 lin-
ear regression. 

 

 
Figure 3.    TP fraction exported from the lake, λ, over time for all 24 lakes. The blue line represents the average trend regres-
sion with confidence interval. 
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6.4 Modeled gross TP retention 
This subsection discusses the projected gross TP retention rates derived from 
the fitted model for each lake over time. Model-derived estimates of gross TP 
retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 , highlight lake-specific differences depending on size and 
contamination history (Fig. 4 A). The model projected most lakes to have a 
median gross TP retention of 1216 kg TP year-1 with a mean of 2338 kg TP 
year-1. As reference, Søndergaard et al. (1993) quantified the TP retention for 
Lake Søbygaard at 3740 kg TP year-1. In our data, Arresø, Tissø and Salten 
Langsø exhibit the highest gross retention, potentially overlapping with high 
external as well as internal TP loads. As gross TP retention scales with outflow 
TP concentration and lake discharge, high TP emerging from the lake is also 
increasing gross TP retention in the model. Note that the current model as-
sumes only positive TP retention, meaning that the lake stores TP, on the mod-
eled annual time scale. When normalised to area (Fig. 4 B), Veng Sø and 
Solbjerg Engsø had the highest gross areal retention. 

Comparing the model-derived gross TP retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 , to an estimate of 
retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 , underscores that the updated model overestimates the 
gross TP retention processes for some lake-years (Fig. 5), with an R2 of 0.50. 
Plausible reasons for this are that model assumes a near-inflow settling of TP 
(which the pseudo estimate neglects), the steady-state assumption, and possi-
bly due to negligence of internal TP release. This is in agreement with the 
model performance (Fig. 2) as the model underestimates high TP outflow con-
centrations, hence assumes higher gross TP retention. 

 

 
Figure 4.    Modeled gross TP retention over time. Y-axis is log-scaled. Colored intervals represent the uncertainty around the 
mean projections. A is gross TP retention in kg per year over time. B is gross areal TP retention in kg per ha per year over time. 
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6.5 Relationship of gross TP retention to residence time 
In this subsection, we explore the relationship of gross TP retention to hydrau-
lic residence time. In past reports, hydraulic residence time was identified as 
being a sensitive parameter to TP retention. In contrast to the results by Trolle 
et al. (2015), the model-derived gross TP retention did not exhibit a perfect 
linear relationship (when log-transformed) with hydraulic residence time 
(Fig. 6 A). This highlights that loss at the inflow is crucial for gross TP reten-
tion, which cannot be captured by using only hydraulic residence time. Still, 
larger lakes, and thus lakes with longer retention times, can retain more TP 
than smaller lakes (Fig. 6 A). Nonetheless, for individual lakes, this relation-
ship seems to be inverse. Individual lake-years with lower discharge (hence 
higher residence times) exhibit a lower TP retention. Again, this highlights the 
modeled mechanism of inlet TP retention as with lower discharge, TP reten-
tion near the inlet also decreases. Accordingly, TP retention increases rapidly 
at low residence times and then plateaus at approx. 2.5 years (Fig. 6 B). When 
normalised by area (Fig. 6 C), log-transformed gross areal TP retention exhib-
its a linear relationship with residence time with a negative slope, underscor-
ing that smaller lakes have higher areal retention than larger systems. Simi-
larly, gross areal TP retention has an exponential relationship to residence 
time (Fig. 6 D). We conducted the follow-up analyses (Boruta analysis for pre-
dictor importance and exponential models) also for gross areal TP retention 
in the Supplementary material (Fig. S1 and S2). 

 
Figure 5.    Log-transformed gross TP retention against pseudo-observed TP retention, 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 . Values are log-scaled. 
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6.6 Importance of predictors for gross TP retention 
To explore which covariates are the most important predictors for gross TP 
retention, a Boruta analysis was run (Fig. 7). The analysis showed that the 
most important predictors were discharge, Q, and area, A (for full explanation 
of all covariates, please see Ladwig et al., 2026), whereas residence time was 
not as important as expected. Following the principles of parsimony (using 
the hypothesis requiring the fewest assumptions), we developed exponential  
models relating gross retention to lake discharge and lake area for upscaling. 
Cheng et al. (2009) also highlighted that for shallow lakes (1.67 – 10.3 m 
depth), surface area was an important predictor.  

 
Figure 6.    TP retention against residence time. A is log-transformed gross TP retention in kg per year against log-transformed 
residence time in years. B is gross TP retention in kg per year against residence time in years. C is log-transformed gross areal 
TP retention in kg per ha per year against log-transformed residence time. D is gross areal TP retention in kg per ha per year 
against residence time.   
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6.7 Exponential models of gross TP retention 
This subsection highlights the derived simpler models, which relate derived 
gross TP retention to available data such as discharge and area. Exponential 
models relating outflow discharge and lake area to gross TP retention were 
developed for all lakes, only shallow lakes and only deep lakes, respectively. 
These three models were further stratified by using either all data points (Fig. 
8 left) or averaged lake responses (Fig. 8 right). The models all obtained an R2 
between 0.79 (shallow lakes) and 0.96 (deep lakes), and 0.9 when including all 
lakes. This is a substantial improvement compared to the previous report's R2 
of about 0.23. These equations may be cautiously used for upscaling to non-
monitored lakes for which area and outflow discharge are known or can be 
derived. The exponents also highlight the more important role of discharge 
for shallow lakes and lake area for deeper lakes in controlling gross retention. 
Accordingly, shallow systems are mainly influenced by inflow hydraulics, 
whereas deeper lakes retain more TP due to their size and internal processes.  

 
Figure 7.   The importance of multiple water quality, lake characteristics, catchment and land use covariates on gross TP reten-
tion identified using Boruta analysis. Additional data are derived from the DCE report by Ladwig et al. (2026). In the boxplots, 
horizontal solid line indicates median of the distribution, the box represents the lower to upper quartile values of the data, the 
whiskers extend to the last data point beyond 1.5 * the interquartile range, circles represent outliers beyond this range. 
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This is in accordance with global studies (e.g., Kõiv et al., 2011) that lake vol-
ume, discharge and area are important predictors for TP retention with vary-
ing importance for shallow and deep systems.  

To test the robustness of the exponential model fitting, a split-sample valida-
tion was run. The results show that exponential fitting is very robust with all 
training to testing ratios producing excellent model performance of R2 over 
0.85 (Fig. 9). Here, a training fraction of 0.9 (90-10 for training to test split) had 
the highest range of projected R2 values (due to potential overfitting). Perfor-
mance decreased with lower amount of training data but remained at a high 
level.  

 
Figure 8.   Log-transformed gross TP retention compared to predicted gross TP retention by an exponential model based on 
discharge and lake area, for all lakes, shallow lakes and deep lakes. The equation above the plots is the derived exponential 
model. Plots in the left column include all lake-years, plots in the right column show only lake-year averages. 
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Figure 9.   Performance (R2) of 
exponential models relating gross 
TP retention to discharge and 
area at different training to test 
ratios using split-sample valida-
tion. 
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7 Conclusions 

This report presents a modified modeling approach for calculating TP reten-
tion in lakes based on the general TP mass balance framework, which also 
formed the basis for previous reports. Compared to earlier models, the up-
dated version shows an improved R2 for both shallow and deep Danish lakes, 
and it is fitted using additional lake-years (Table 3). The simplified relation-
ship between gross retention, area and outflow ( 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔~𝑓𝑓(𝑄𝑄,𝐴𝐴)), can be cau-
tiously applied to upscale gross TP retention in Danish lakes. Here, the Boruta  
method indicated that lake area (A), may be a better predictor of TP retention 
than lake volume (V). Exponential methods further validated this finding by 
showing higher exponents to the area term for deeper lakes compared to shal-
low ones. Nonetheless, we note that the exponential model using volume in-
stead of area also achieved an R2 of about 0.9, highlighting that both terms are 
related through depth, as 𝑉𝑉 = ∫ 𝐴𝐴 𝑑𝑑𝑑𝑑.  

We note that, in contrast to gross TP retention, gross areal TP retention was 
highly sensitive to residence time (Fig. S1) and achieved slightly lower but 
still high R2 of 0.52 (deep lakes) to 0.87 (shallow lakes) for exponential rela-
tionships of gross areal TP retention to residence time (Fig. S2). The analysis 
steps for gross areal TP retention were the same as for gross TP retention. 

Table 3.   Summary of the developed models for gross TP retention. TP is total phosphorus 
concentration (g TP m-3) in inflow, in, or outflow, out. 𝜶𝜶 is an inflow multiplier (-). Q is outflow 
discharge (m3 year-1). V is lake volume (m3), r is lake retention coefficient (year-1), 𝒓𝒓𝒓𝒓𝒕𝒕𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈  
is gross TP retention (g TP year-1), A is lake area (m2), and a, b and c are fitting coefficients 

Model Form  R2 

TP mass balance 𝑇𝑇𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 =
(𝛼𝛼𝛼𝛼𝛼𝛼𝑃𝑃𝑖𝑖𝑖𝑖)
𝑄𝑄 + 𝑟𝑟𝑟𝑟

 0.77 

𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑟𝑟𝑟𝑟𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑉𝑉 + (1− α)𝑄𝑄𝑄𝑄𝑃𝑃𝑖𝑖𝑖𝑖  

with  𝑟𝑟 = 0.01888329 and α =  0.8108071  

Exponential retention 

model (all lakes) 
𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑎𝑎𝑄𝑄𝑏𝑏𝐴𝐴𝑐𝑐  0.9 

with 𝑎𝑎 =  0.004918903,  

𝑏𝑏 =  0.994363471  and  

𝑐𝑐 =  0.1200764  

Exponential retention 
model (shallow lakes) 

𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑎𝑎𝑄𝑄𝑏𝑏𝐴𝐴𝑐𝑐  0.79 

with 𝑎𝑎 = 0.01907172,  

𝑏𝑏 =  1.022382 and  

𝑐𝑐 =  −0.01609998  

𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑎𝑎𝑄𝑄𝑏𝑏𝐴𝐴𝑐𝑐  0.96 
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Exponential retention 
model (deep lakes) 

with 𝑎𝑎 =  0.008451743,  

𝑏𝑏 =  0.7321179 and  

𝑐𝑐 =  0.367592   

Current catchment models assume a TP retention in lakes of 4.5 kg ha-1 y-1 
(Andersen et al. 2020). Using our dataset (all lake-years), we estimate a me-
dian area of about 111 ha (ranging from 7 to 3955 ha). Median lake outflow is 
about 10.7 million m3 year-1, ranging from 1.4 million to 80.5 million m3 year-

1. Applying the exponential model for all lakes, we obtain a median areal re-
tention of 2.31 kg TP ha-1 y-1 (ranging from 0.73 to 3.51 kg TP ha-1 y-1). Hence, 
depending on the lakes, our derived model equation estimates lower areal TP 
retention values than the catchment estimate of 4.5 kg ha-1 y-1. These values 
remain smaller than the estimated TP retention of 20 kg ha-1 y-1 in Lake Søby-
gaard (Søndergaard et al. 1993). 

Trolle et al. (2015) developed a model formulation that related in-lake TP to 
inflow TP, which was replicated in this report through the TP fraction 𝜆𝜆. In  
Trolle et al. (2015), this TP fraction was related to the hydraulic residence time 
to build a simpler model providing the fraction of TP leaving the lake. Hence, 
(1- 𝜆𝜆) times the inflow TP concentration would provide the gross TP retention. 
The approach in this note directly uses gross TP retention as a function of dis-
charge and area (both related to the hydraulic residence time), hence both for-
mulations, 𝜆𝜆 and gross TP, are inherently related as: 

Eq. 13: 𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = (1 − 𝜆𝜆)𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖  

and 

Eq. 14: 𝜆𝜆 = 1 −
𝑟𝑟𝑟𝑟𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖

  

All models abstract reality into a mathematical framework. Here, the model 
assumes steady-state conditions for the lakes and applies global values (a sin-
gle value for all lakes in the dataset) for 𝛼𝛼 and r. This implies that net inlet TP 
retention and in-lake TP retention are similar across lakes, only corrected by 
lake-specific lake discharge and volume, which is a very strong assumption. 
Especially the discharge is the most important covariate driving modeled 
gross TP retention as the settling of TP near the inlet takes up, for most lakes, 
over 80% of total gross retention. We also tested models including only the 
water column retention, hence without retention near the inlet, Eq. 6, but these 
models did vastly underestimate TP retention compared to the catchment es-
timate of 4.5 kg ha-1 y-1. Note that the final fitted model underestimates high 
TP projections (Fig. 2) which can be an artefact of not accounting for internal 
TP release. Nonetheless, according to the model analysis of this study, near-
inlet TP settling can be highlighted as an important part of TP retention in 
Danish lakes supporting the α-fraction hypothesis, hence that a potentially 
large pool of TP can rapidly settle near a lake’s inlet (Khorasani and Zhu, 
2021).  

Though elegant and powerful in inferring potential gross TP retention, the 
current modeling approach is highly simplified. This is emphasized by its dis-
crepancy with TP retention estimates used in catchment modeling, as men-
tioned above. The catchment estimate is calculated from annual mass balance 
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of the most intensely monitored lakes. Future work should identify which es-
timates are more valid for TP retention Danish lakes. For this, it is recom-
mended to develop dynamic and not steady-state TP retention models in fu-
ture modeling work, incorporating past TP legacy in the sediment and the 
lake water column. This would improve the realism and accuracy of TP mod-
eling for Danish lakes, especially within the context of the River Basin Man-
agement Plan and planned actions such as biomanipulation and/or lake res-
toration. Such a dynamic TP model, ideally operating on monthly time steps, 
would provide information on seasonal TP retention, TP release and TP leg-
acy in lake sediments. It goes without saying that such a model would require 
substantial development time, but the foundations are already available, as 
dynamic modeling has already been applied to the dynamics of hazardous 
metals, an approach with obvious analogies to nutrient retention in lakes 
(Sørensen and Nielsen 2023). 
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9 Supplement 

The Boruta analysis for predictor sensitivity was ran also on gross areal TP 
retention (Fig. S1). This highlighted that residence time is the most sensitive 
covariate for gross areal TP retention. Accordingly, exponential models of res-
idence time to gross areal TP retention were developed, which ranged from 
R2 of 0.81 (all lakes) to 0.87 (shallow lakes) and 0.52 (deep lakes). 

 
Figure S1.   The importance of multiple water quality, lake characteristics, catchment and land use covariates on gross areal TP 
retention identified using Boruta. Additional data are derived from the DCE report by Ladwig et al. (2026). In the boxplots, hori-
zontal solid line indicates median of the distribution, the box represents the lower to upper quartile values of the data, the whisk-
ers extend to the last data point beyond 1.5 * the interquartile range, circles represent outliers beyond this range. 
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Figure S2.   Log-transformed 
gross areal TP retention com-
pared to predicted gross areal TP 
retention by an exponential 
model based on residence time, 
for all lakes, shallow lakes and 
deep lakes. The equation above 
the plots is the derived exponen-
tial model. Plots in the left column 
include all lake-years, plots in the 
right column show only lake-year 
averages. 
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